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We demonstrate that when a waveguide beam splitter (BS) is excited by N indistinguishable
photons, the arising multiphoton states evolve in a way as if they were coupled to each other with
coupling strengths that are identical to the ones exhibited by a discrete fractional Fourier system.
Based on the properties of the discrete fractional Fourier transform, we then derive a multiphoton
suppression law for 50/50 BSs, thereby generalizing the Hong-Ou-Mandel effect. Furthermore, we
examine the possibility of performing simultaneous multiphoton quantum random walks by using
a single waveguide BS in combination with photon number resolving detectors. We anticipate that
the multiphoton lattice-like structures unveiled in this work will be useful to identify new effects
and applications of high-dimensional multiphoton states.

I.

INTRODUCTION

In 1980 Namias introduced the continuous fractional
Fourier transform (FrFT) as a new mathematical tool
for solving quantum mechanical problems [1]. The importance of the FrFT lies in the fact that it contains the
standard Fourier transform (FT) as a particular case and,
as a result, every property of the FT can be generalized
to the fractional Fourier domain [2–5]. Over the years,
the FrFT has found widespread applicability in different
areas such as filter design, signal analysis, phase retrieval
protocols, and pattern recognition [6, 7]. Concurrently,
in the field of optics, where FTs occur naturally, the FrFT
has yielded interesting applications ranging from spatialtemporal optical field reconstruction to optical image encryption [5].
Similarly to the standard discrete FT, a discrete version
of the FrFT, the so-called discrete FrFT (DFrFT), has
been developed to operate over finite discretely sampled
signals [8]. Quite recently, such DFrFT has been demonstrated in optics using judiciously engineered waveguide
arrays and its applicability for classical and quantum
light has been shown [9]. In the classical domain the
properties of the DFrFT can be exploited to implement
digital medical algorithms [10], optical field tomography
[11, 12], and phase estimation protocols [13]. Correspondingly, in the quantum realm, the DFrFT can be
used for the generation of multiple-path NOON states
[14], to perform multiple phase estimation protocols [15],
and potentially to transfer [16] and to store qubits [9].
Notably, in order to implement a fractional Fourier transformer applicable to signals sampled at N data points,
we require a system of N coupled sites such as cavities,
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FIG. 1. (a) Schematic of a waveguide lattice aimed to perform discrete fractional Fourier transforms of optical signals
sampled at N data points. The system consists of N identical
evanescently coupled waveguidesp
having coupling coefficients
that obey the function f (n) = κ2 n(N − n).

potential wells, and waveguides, in which the adjacent
elements, n and n + 1, exhibit
p a coupling strength given
by the function f (n) = κ2 n(N − n), with κ denoting a
scaling factor [9].
For the sake of completeness, we briefly describe the implementation of the DFrFT using waveguide lattices. To
do so, we consider the waveguide array shown in Fig. (1).
In such photonic systems, a discrete version of the usual
FT is produced at the propagation distance z = π/2κ,
while any fractional order of the FT is observed at distances within the interval z ∈ (0, π/2κ) [9]. To illustrate
these facts, let us assume an array of 100 waveguides excited by an optical field of the same intensity covering the
21 central waveguides as depicted in Fig. (2). Evidently,
the input field corresponds to a rectangular function sampled at 21 points, whose FT is a discrete sinc function.
In principle, along evolution the optical field undergoes
an infinite number of transformations being the FT one
particular case, and for any other propagation distance
z 6= π/2κ the discrete fractional Fourier transform arises,
see Fig. (2).

2
in the state |m, N − mi = |mi |N − mi, see Fig. (3 a).
Physically, the state |mi represents m photons being
launched into port a (left waveguide in Fig. (3 a)), while
|N − mi stands for N − m photons entering port b (right
waveguide in Fig. (3 a)). Quantum mechanically the BS
is governed by the Hamiltonian [23]
Ĥ = βâ† â + β b̂† b̂ +


κ †
âb̂ + â† b̂ ,
2

(1)

where β represents the propagation constant, κ/2 denotes
the coupling coefficient, and â† , b̂† (â, b̂) are the boson
creation (annihilation) operators of modes a and b, respectively. Typically, the evolution of the single-photon
creation operators in waveguide BSs is described by the
transformation [24, 25]

 † 

â (z)
cos  κz
iβz
2
=e
i sin κz
b̂† (z)
2 cos

FIG. 2. Transformation of a discrete rectangular function
into a sinc function using a photonic lattice of 100 waveguides
and scaling factor κ = 1. At the bottom we show the initial
intensity profile of a rectangular function sampled at 21 data
points. In the central panel we present the intensity evolution
in the range z ∈ [0, π/2] which represents all fractional orders
of the FT of the initial field. The upper figure depicts the
usual FT obtained at the output of the system, i.e., at z =
π/2.
II. DISCRETE FRACTIONAL FOURIER
TRANSFORM OF MULTIPHOTON STATES

In this paper, we theoretically show that N indistinguishable photons injected into a waveguide beam splitter (BS) give rise to multiphoton lattice-like structures
where the associated coupling coefficients are identical
to the ones exhibited by a discrete fractional Fourier
system. Given the fact that fractional Fourier systems
have enabled interesting applications in classical optics,
it would be of great interest to study alike processes at
the level of multiphoton states. Indeed, the quantum and
statistical properties of photons interfering in a BS have
brought to light very profound implications such as the
Hong-Ou-Mandel interference effect [17], which in turn
has opened the door to very intriguing applications in
quantum metrology and computing [18]. As it turns out,
the quantum properties of bulk BSs have been throughly
explored by many authors [19–22], however, none of those
investigations has pointed out the occurrence of multiphoton discrete fractional Fourier dynamics in such elementary systems.
We start our analysis by considering a waveguide BS
being excited by N indistinguishable photons prepared

 i sin
κz
2

κz
2

  † 
â (0)
.
b̂† (0)
(2)

Notice, from this transformation one readily infers that
to implement a 50/50 BS one has to design the sysπ
tem with a propagation length of z = 2κ
. To show
the connection of the waveguide BS with the DFrFT
we take a different approach in which the dynamics induced by Hamiltonian (1) over the N -photon
states |m, N − mi is computed from the matrix elements
Ĥn,m = hn, N − n| Ĥ |m, N − mi. To do so, we introduce the compact notation |m) to represent the state
|m, N − mi indicating that m photons are injected into
port a and N − m photons into port b. By applying the Hamiltonian operator Eq. (1) to the states |m),
one obtains the matrix elements Ĥn,m = N βδn,m +
κm δn,m−1 + κm+1 δn,m+1
p , where the effective coupling
coefficient κm = κ2 m(N + 1 − m) governs the transition probability between all possible N -photon states
(|0) = |0, N i , |1) = |1, N − 1i , ..., |N ) = |N, 0i). Interestingly,
the resulting coupling coefficients, κm =
p
κ
m(N + 1 − m), are identical to the coupling coeffi2
cients required to implement a discrete fractional Fourier
transformer [9]. In what follows we omit the term
N βδn,m since it only contributes to the dynamics as a
global phase.
Using the matrix elements Ĥn,m one can readily see that
for N photons, the (N + 1) possible states obey the set
of coupled equations
i

d
|n) = κn |n − 1) + κn+1 |n + 1),
dz

(3)

with n = 0, ..., N . In Fig. (3 b) we show a diagrammatic
representation of the (N +1) states arising when the state
|m) is fed into the BS shown in Fig. (3 a). In fact, by
starting with the initial state |ψ(0)i = |m), one can show
that the probability amplitude of finding the system in
state |n), after a propagation distance z, is analytically
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(a)

(b)

FIG. 3. (a) Schematic view of a BS consisting of two identical
evanescently coupled waveguides having a coupling coefficient
κ/2. The system is initialized with the N -photon state |m) :=
|m, N − mi, representing m photons launched into the left
port and N −m photons into the right one. (b) State diagram
for the (N + 1) multiphoton states propagating in the BS.
Every line represents one state which appears to be coupled to
the adjacent states, and Gn,m (z) is the probability amplitude
for the state |n) = |n, N − ni.

described by [9]
s

n!(N − n)! h  κz im−n
sin
m!(N − m)!
2
h
 κz iN −n−m
Pn(m−n,N −m−n) (cos(κz)),
× cos
2
(4)

Gn,m (z) =i

n−m

(a,b)

where Pn (x) are the Jacobi-Polynomials of order n.
To visually illustrate this result, in Fig. (4) we present
the N -photon dynamics for a BS having κ = 1 excited
by the N = 9 state |ψ(0)i = |3). Fig. (4 a) depicts
the coupling distribution computed from the matrix elements Ĥn,m . From this figure it is clear that the coupling
distribution among the states exhibits a parabolic shape.
This implies that the central states, in this case |4, 5i and
|5, 4i, are coupled more strongly than those lying close
to the edge of the state diagram, i.e., |0, 9i and |1, 8i.
A notable feature of discrete fractional Fourier systems
is their capability to perform mirror inversions of the initial states at the propagation distance z = π/κ. Consequently, any initial state |m) will be transformed into its
mirror image |N − m). This property follows from the
fact that at the particular distance z = π/κ all probability amplitudes, Gn,m (π/κ), vanish except for n = N −m.
Accordingly, for the example shown in Fig. (4 b) (κ = 1),
we see that at z = π the photons indeed swap position,
|ψ(0)i = |3) = |3, 6i → |ψ(π)i = |6) = |6, 3i. This intrinsic mirror inversion property of BSs is rather appealing
for quantum computing as it can be exploited to perform
swap operations over multiphoton states.
To demonstrate the potential of the present approach
in a more practically relevant scenario we consider
the excitation of the waveguide BS by a two-mode
squeezed vacuum state (TMSVS) given by |ξi =

p
P∞
1 − |ξ|2 n=0 ξ n |n, ni. Here, ξ denotes the squeeze
parameter and it is restricted to the unit circle in the
complex plane, 0 ≤ |ξ|p≤ 1 [26]. Quite interestingly, in
this case all the states 1 − |ξ|2 ξ n |n, ni evolve paralelly
and independently from each other undergoing quantum
walks in the photon number space, see Fig. (5).
In the optical domain, continuous time quantum random
walks are the quantum analog of classical random walks
in which initially localized photons coherently evolve into
multiple spatial-mode superpositions of discrete systems,
e.g. integrated waveguide lattices or cascaded bulk BSs
[27–31]. Naturally, in such configurations the maximum
number of steps that the walker can perform is determined by the number of sites contained in the lattices.
In our protocol, distinct QWs are produced simultaneously and the corresponding walkers perform a different
number of steps which depends on the number of photons involved in each process. Moreover, the probability of occurrence for each QW is weighted
p by then initial
multiphoton probability amplitudes,
1 − |ξ|2 ξ . We
point out that the observation of these types of processes
is nowadays possible utilizing bright parametric-downconversion sources [26] in combination with photonnumber resolving detectors [32]. In fact, recently twomode quantum light with a mean photon number of 50
and a maximum number of 80 photons for each of the
two modes has been reported in [33].
In addition to the mirror inversion property, discrete
fractional Fourier transformers present the very unique
property that at z = π/2κ, the distance at which the
usual DFT occurs, any single-point excitation |m) evolves
(m)
into the m-th eigenstate, un , of the Hamiltonian Ĥn,m

(m)
π
up to some local phases, Gn,m z = 2κ
= in−m un [9],
q
N
(m−n,N −m−n)
(m)
n!(N −n)!
(0), and
where un = 2− 2 +n m!(N
−m)! Pn
the Jacobi polynomials are evaluated at the origin. Based
on this property, we formulate an N -photon suppression
law [34–36] for 50/50 waveguide BSs acting as DFrFT in
the N -photon subspace. Interestingly, the first manifestation of such a photon suppression law occurring in BSs,
that is, suppression of two photon states in a BS, was observed by Hong, Ou, and Mandel [17]. Their experiment
consisted of launching two indistinguishable photons onto
opposite sides of a 50/50 BS and they observed that the
two photons always emerged from the same output port
with the same probability, while the state |1) = |1, 1i
was completely absent or suppressed. In a similar fashion, here, we provide an answer to the question: given
the N -photon input state |m) = |m, N − mi for a 50/50
waveguide BS, what output-states |n) = |n, N − ni will
exhibit zero probability amplitude?

π
!
Gn,m z =
= 0.
= in−m u(m)
n
2κ

(5)

A close inspection of the Jacobi polynomials contained
(m)
in un reveals that the only possibility for Eq. (5) to be
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3 /2
Propagation distance z
FIG. 4. (a) Coupling distribution obtained from the matrix
elements Ĥn,m for N = 9 photons injected into a waveguide
BS with coupling constant κ/2 = 1/2. (b) Theoretical probability evolution, |Gn,m (z)|2 , corresponding to a BS initially
excited by the N = 9 photon state |ψ(0)i = |3) = |3, 6i.

zero is when the following expression becomes zero
 

n
X
N −m
(N )
k m
= 0.
Qn,m :=
(−1)
k
n−k

Before considering the case N = odd, it is important to
(m)
note that the eigenstates un satisfy the symmetry rela(N −m)
(n)
(m)
. From these
tions un = (−1)n−m um = (−1)n un
relations it is clear that, when (N, n, m) satisfies (6), the
combinations (N, N − n, m), (N, n, N − m), (N, m, n),
(N, N − m, n), (N, m, N − n), (N, N − n, N − m)
and (N, N − m, N − n) also satisfy (6). It is worth
emphasizing that these solutions are implicitly contained
in F0 .
For the case N = odd there is no general rule
to predict state suppressions. There are, however,
certain anomalous (i.e. not contained in F0 ) photon numbers Na , both even and odd, where 3-tuples
(Na , n, m) with n, m 6= Na /2 satisfy (6). The ordered list of these anomalous photon numbers up to 67
is Na = 9, 16, 17, 22, 25, 33, 34, 36, 41, 49, 57, 64, 65, 66, 67
[37]. Notice, the odd numbers contained in this list
can be obtained by taking Na = 8k + 1 with k ≥ 1.
Moreover, one can show that by taking m = 4k − 1
(8k+1)
renders Q2k,4k−1 = 0. This implies that a total number of photons Na = 8k + 1 prepared in the state
|4k − 1) = |4k − 1, 4k + 2i will produce an output in
which the states |2k) = |2k, 6k + 1i will be absent.
As an example we consider the case k = 1, which corresponds to the smallest anomalous photon number Na =
(8k+1)
(9)
9. Accordingly, for Na = 9 we have Q2k,4k−1 = Q2,3 = 0,
which implies the combination (Na , n, m) = (9, 2, 3).
Hence, by launching the initial state |3) = |3, 6i will render the output state |2) = |2, 7i to be suppressed. These
effects are shown in Fig. (4 b), where it is clear that at
z = π/2 (along the left dashed white line) the states
|2) = |2, 7i and |7) = |7, 2i are suppressed. Furthermore, for Na = 9 we can use the aforementioned sym-

(6)

(N )

Qn,N/2 = 0 ⇔ n is odd.

(7)

Therefore, we can choose the 3-tuple F0
=
(2k, 2k ′ + 1, k), for any integers k ≥ 1, k ′ ≥ 0, as
the first family of solutions to (6). Accordingly, by sending an equal number of photons into both waveguides
will render the odd final states to be suppressed. For the
special case of N = 2 and the initial state |1) = |1, 1i,
that is, the Hong-Ou-Mandel case, (7) predicts that

(2)
π
Q1,1 = 0, or equivalently G1,1 z = 2κ
= 0, which indicates that the state |1) = |1, 1i is completely suppressed.

0

Quite interestingly, in reference [37] some particular solutions of Eq. (6) have been reported, although a general
solution appears to be elusive. First, we denote the solutions of (6) as the 3-tuple F = (N, n, m), where N is
the total number of photons, n indicates the suppressed
output state |n), and m the input state |m). For the
case N = even and the initial state |m) = |N/2), one can
show that

Propagation distance

k=0

FIG. 5. First five non-vanishing probability distributions
arising in
BS initially
p excited by a TMSVS ,
P a waveguide
n
1 − |ξ|2 , and ξ = 0.5.
|ξi = A ∞
n=0 ξ |n, ni, with A =
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metry properties to obtain the combinations (n, m) =
(7, 3), (2, 6), (3, 2), (6, 2), (3, 7), (7, 6), and (6, 7). In detail, the pair (n, m) = (6, 7) indicates that by launching
the 9-photon state |7) = |7, 2i into a 50/50 waveguide BS,
the state |6) = |6, 3i will be suppressed at the output.
In addition to the family of solutions F0 there exist
four more families given by [37]
F1 = (8k + 1, 2k, 4k − 1) , k ≥ 1
(8)


(k
+
1)(k
+
2)
,2 , k ≥ 1
(9)
F2 = (k + 2)2 ,
2


(k + 1)(3k + 2)
F3 = 3k 2 + 8k + 6,
, 3 , k ≥ 1 (10)
2


(k + 1)(3k + 4)
2
F4 = 3k + 10k + 9,
, 3 , k ≥ 0. (11)
2
Using these solutions one can compute most combinations (n, m) of suppressed output states |n) when
the system is excited by state |m), for N ≤ 100. In
this range, however, the anomalous photon numbers
Na = 36, 66, 67, 98 display additional suppressions,
that are not predicted by any of the known families of
solutions F0,1,2,3,4 . For example, by taking k = 4 in
F2 yields the set (36, 15, 2), however, there exists an
additional set of solutions (36, 14, 5), which do not follow
from applying the symmetry relations to (36, 15, 2).
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[30] M. Gräfe, R. Heilmann, A. Perez-Leija, R. Keil, F.
Dreisow, M. Heinrich, H. Moya-Cessa, S. Nolte, D. N.
Christodoulides and A. Szameit, Nat. Phot. 8, 791,
(2014).
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